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Abstract-An imbedding method for determining the critical length of buckling columns is presented. The
method can be applied to a large class of problems and requires the integration of only one initial value
equation, Integration proceeds until the integral becomes excessively large, indicating that the critical length
has been reached. Alternately the reciprocal of the equation can be integrated, and the critical length
determined by the zero crossing. Utilizing this method the critical length for an example is shown to be
obtained to an accuracy of greater than 1/10,000 of onepercent. Computation time is lessthanapproximately
3sec.
In this development, new imbedding equations are obtained.
INTRODUCTION
The critical load of columns may be determined by solvingtwo-point boundary value problems.
As described in [1] and [2], however, the solution of these boundary value problems is far from
trivial. A recent paper [3] by the authors has shown that these problems can be solved by a new
initial value approach to the integral equation method. Utilizing this method, the differential
equation of a column is expressed in the form of a Fredholm integral equation. Initial value
equations are then derived which require the integrationof a set of ordinary differential equations
to find the Fredholm resolvent. Since the singularities of the resolvent occur at the eigenvalues,
the equations are integrated until the integrals become excessively large, indicatingthat a critical
load has been reached. While this approach is validfor both linear and non-linearproblems, it has
the disadvantage that the accuracy of the solution is dependent upon the number of differential
equations whichare integrated. Stillanother method for solvingfor the critical load of columnsis
discussed in this paper. This method is an imbedding method and requires the integration of only
one initial value equation. Integration proceeds until the integral becomes excessively large,
indicating that the critical lengthhas been reached. The critical load is then easily calculatedfrom
the critical length.Only linear problems are considered in this paper, however, the methodcan be
extended to non-linear problems, and they will be the subject of a future paper.
THE IMBEDDING METHOD[4J, [5]
Consider the two-point boundary value equations
u(t) = au(t) + bv(t)
v(t) = cU(t) +dv(t), 0:5 t s: X,
with boundary conditions
u(O) = 0, u(x) = x.
(1)
(2)
In general a, b, c, and d may be functions of t, and u and v may be considered to be vectors. For
simplicity however the following derivations are given for the scalar equations. The reason for
277
278 R. E. KALABA, K. SPINGARN and E. ZAGUSTlN
choosing the terminal boundary condition, u(x) = x, will become clear when the examples are
discussed. It is desired to convert the boundaryvalue problem into an initial valueproblem. The
imbedding parameter utilized to derive the initial value equations is the interval length, x.
Re-writing equations (1) and (2) to explicitly indicate the dependence of the solution upon x
u(t, x) = au(t, x) +hv(t, x)
vet, x) = eu(t, x) +dv(t, x)
u(O, x) =0, u(x, x) = x.
Differentiating equations (3) with respect to x
Ux(t, x) = aux(t, x) +bv,(t, x)
vx(t, x) = eux(t, x) + dux (t, x)
ux(O, x) = 0, u(x, x) +ux(x, x) = I.
(3)
(4)
Here a dot representsdifferentiation withrespect to t, while ( )x representsdifferentiation with
respect to x. Comparing equations (3) and (4), it is seen that
x ~ t.
Ux(t, x) = [1- U;x, X)]U(t, x)
[
I - U(X, X)]Vx(t,x) = x v(t,x).
Define
rex) = vex, x).
Then
I-u(x,x)= 1-[au(x,x)+bv(x,X)]
= 1- ax - br(x).
Substituting equation (7) into equations (5)
[
1- ax - br(X)]
ux(t, x) = x utt, x)
[
1- ax - hr(X)]
vx(t, x) = x vet, x),
Differentiating equation (6) with respect to x
r'(x) = vex, x) + vx(x,x)
[
1- ax - br(X)]
= ex +dr(x) + x rex).
(5)
(6)
(7)
(8)
(9)
The initial condition for equation(9) is obtained by assuming r' (x) remains finite as x approaches
zero. Thus as x approaches zero the numerator of the bracketedterm in equation (9) approaches
zero, requiring that
1
reO) =b'
Applying L'Hospital's rule in equation (9), it can be shown that
(10)
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Equations (10) and (11) are verified in the Appendix.
To obtain a numerical solution for u(t, x) at any time t, equation (9) is integrated with initial
condition(10) from x = 0 to x = t. At time x = t, equations (8) are adjoined and the entire system
is integrated from x = t to the interval length of interest. The application of the imbedding
method to the buckling of columns is discussed in the following paragraphs.
APPLICATION TO BUCKLING COLUMNS
Two examples will be given to illustrate the application of the imbedding method to the
determination of the buckling loads of columns. The examples selected are the two examples
given in [3].
Example 1
Consider a pin-ended column with an applied axial force p. The differential equation of the
deflected beam is
where
- PA- EI'
E = Young's modulus
I = moment of inertia
t = axial coordinate
x = length of the beam.
The boundary conditions are
YCt) +Ay(t) = 0, O:s t :s x,
yeO) =0, y(x) =o.
(12)
(13)
The imbedding parameter utilizedto derive the initialvalueequationsis the lengthof the beam, x.
Re-writing equations (12) and (13) as functions of x
Yet, x) +Ay(t,x) =0
yeO, x) =0, y(x, x) =o.
Differentiating with respect to x
Yx (r, x) + Ayx (t, x) = 0
Yx(O, x) = 0, y(x, x) +Yx(x, x) = o.
Consider now the system
rii (t, x) +Am (t, x) = 0
m(O, x) =0, 1+m(x, x) =O.
Defining
sex) = mtx, x)
it can be shown that
s'(x) = A+ S2(X)
(14)
(15)
(16)
(17)
(18)
280
with initial condition
R. E. KALABA, K. SPINGARN and E. ZAGUSTIN
s(O) = - 00. (19)
In order to avoid the infinite initial condition, consider the system
net,x) +An(t, x) = 0
n(O,x)=O, x+n(x,x)=O.
These equations can be obtained simply by multiplying equations (16) by x and setting
n(t, x) = xm(t, x).
(20)
(21)
Equations (20) are similar in form to equations (3). Comparing equations (15) and (20), it is seen
that
Yx(t, x) = y(x, x) net,x).
x
Differentiating equations (20) with respect to x
ii; (t, x) +Anx (t, x) = 0
nx(O, x) =0, 1+n(x, x) +nx(x, x) =O.
Comparing equations (20) and (23), it is seen that
l+n(x,x)
nx(t,x) = n(t,x).
x
Define
rex) = n(x, x).
Differentiating equation (25) with respect to x
r'(x) = ii(x, x) +nx(x, x)
= _ An(x,x) +1+n(x, x)n(x, x)
x
= Ax +1+ rex) rex).
x
Fromconsiderations similar to thoseutilized to deriveequations (10) and(11), it isobviousthat
reO) =-1
and
r'(O)= O.
Define
z(x) = y(x, x).
Differentiating equation (29) with respect to x
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
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z'(x) = y(x, x) +Yx(x, x)
= - Ay(x, x) +y(x, x) n(x, x)
x
I
= -z(x)r(x).
x
The initial condition for equation (30) is
z(O) = O.
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(30)
(31)
A numerical solutioncan be obtained for y (t, x) at any valve t, as discussed in the preceding
paragraphs.However, sinceonly the critical lengthof the columnis desired, only the equationfor
r(x) need be integrated. The integration stops when r(x) becomes excessively large indicating
that a critical length has been reached.
The critical length can be determined with greater accuracy if the reciprocal of r(x) is
integrated, instead of r(x), in the region where r(x) approaches infinity. Define
Differentiating equation (32)
sex) = I/r(x).
I
s'(x) = - r2(x/(x)
= - [ Axs (x) +s(X; + I J.
(32)
(33)
Example 2
Consider the stability of a cantilever column supporting its own weight. The differential
equation of the deflected beam is
where
The boundary conditions are
w(t)+Atw(t)=O
wet) = yet)
A =-.9....
EI
q = weightper unit length.
w(O)=O, w(x)=O
(34)
(35)
Following the sameprocedure as in example1,equations(34) and (35) are re-writtenas follows
wet,x) +Atw(t, x) = 0
w(O, x) =0, w(x, x) =O.
Differentiating with respect to x
Wx(t, x) +Atwx(t,x) = 0
wx(O, x) = 0, w(x, x) +wx(x, x) = O.
(36)
(37)
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m(t, x )+Aim(t, x) = 0
m(0, x ) = 0, I +m(x, x) = O. (38)
Comparing equations (37) and (38), it is seen that
Wx(t , x) = w(x, x )m(t, x).
Differentiating equations (38) with respect to x
mx(l, x) +Aimx(t, x) =0
mx(O, x) = 0, mt»; x ) + mx(x, x ) = O.
Comparing equations (38) and (40), it is seen that
m.t], x) = mt», x)m(t, x ).
Define
s(x) = m(x, x)
and
z(x ) = w(x, x) .
Then differentiating equations (42) and (43) with respect to x
s'( x) = m(x, x) +mx(x, x )
= Ax +S2(X)
and
z'(x) = w(x, x) +wAx, x )
= z(x)s(x).
(39)
(40)
(41)
(42)
(43)
(44)
(45)
The initial conditions for equations (44) and (45) are easily obtained from equations (38) and (36)
respectively
s(O) = 0
z(O) = O.
(46)
(47)
To obtain the critical length, equation (44) with initial condition (46) is integrated until s(x)
becomes excessively large, indicating that the critical length has been reached.
Again, the critical length of the column can be obtained with greater accuracy if the reciprocal
of s(x) is integrated in the region where r(x ) approaches infinity. Define
Differentiating equation (48)
r ex ) = I /s(x ).
r ' (x ) = - [1+Axr\x )).
(48)
(49)
NUMERICA L RES ULTS AND DISCUSSIO N
Numerical results were obtained for the examples. The eigenvalues, A, were selected such
that the criticallengthis unity. References[1]and [2] show that these eigenvalues are 1T2 and 7·84
for examples1and 2 respectively. The differential equations were integrated usinga fourth-order
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Runge-Kutta method with grid interval, Ax = 0·01. All results were obtained on the General
Electric 265 time-sharing computer.
For example I, integration begins with r (x ), and then shifts to s(x), in order to obtain greater
accuracy as r (x ) approaches infinity. Equation (26) with initial condition (27) is integrated from
x =0 to x = XI where r(x,) = 2. At x = x" integration is shifted to equation (33) with initial
condition
S(XI) = I lr (x,), (50)
Integration proceeds until s(x) crosses zero. The computation time required is approximately
3 sec. Table 1 shows the integral of s'(x) for x greater than 0·9. Also shown is s'(x). The sign of
s (x) changes from plus to minus between x = 1and x = 1,01 , indicating that s(x) crosses through
zero and r (x ) approaches infinity between these two values of x. Utilizing linear interpolation
between x = I and x = 1·01
Then
Thus
s(x) = ax + b, I·O ~x~I·OI.
a =s'(1) = -I ,
b = 1·00000084.
s(1'00000084) = O.
(51)
(52)
(53)
(54)
That is, zero crossing occurs at x = 1-00000084. Since the critical length for A = 1T2 is unity, the
error in the critical length is less than 1/10,000 of one percent.
Table I. Integralofequation(33)for x ,, 0·9
x sex) s'(x )
0·9 0·)1491 8 - 1·3561
0·91 0·101625 -) '30333
0·92 8·88359 E-2 - 1·25518
0·93 7·65071 E-2 - ),21126
0·94 6·45976 E-2 -) '171 26
0·95 5-30697 E-2 -)' 13490
0·96 4·)8883 E-2 - 1·10193
0·97 3·)0206 E-2 - )·072 12
0·98 2·04359 E-2 -1 ·40530
0·99 1·0)052 E-2 - )·0213 )
1·00 8-41319 E-7 -1 ·00000
1·0) -9· 90342 E-3 -0 ,981272
1·02 - \,96329 E-2 - 0'965025
1·03 -2·92119 E-2 - 0,951 \88
For example 2, equation (44) with initial condition (46) is integrated from x =0 to x = XI
where S(Xl ) = 1. At x = x" integration is shifted to equation (49) with initial condition
(55)
Zero crossing of r (x ) occurs between x =0·99 and x = 1·0. The critical length of the column is
equal to unity to within approximately 3 significant digits for A = 7·84. Utilizing linear
interpolation between x = 0·99and x = 1·0, the critical length is obtained to an accuracy greater
than 3 digits.
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APPENDIX
Thepurpose of thisAppendix is to verify the initial conditions for r(x) and r'(x) given byequations (10) and(I I).Thisis
done by expanding u(l,x) and v(I, x) into Maclaurin series expansions about the origin. Only the first two terms of the
expansions are required as shown by the following derivations. The series expansions for small x are
v(t, x) = vo(x)+v,(x)t +V2(X)t 2 + ...
Setting x = t in equation (A-I) and utilizing the terminal boundary condition in equations (2)
u(x,x)= u,(x)x +u,(x)x 2+ ... =X.
Thendividing equation (A-3) by x and setting x = 0
uJO)= I.
Differentiating equations (A-I) and (A-2) with respect to t and then using equations (I), (A-I), and (A-2)
u(t,x)=u,(x)+2u2(x)t+ ...
= a[u,(x)t +u,(x)t2+ J
+ b[vo(x) +v,(x)t + J
v(t, x) = v,(x) +2v,(x)t + ...
= c[u,(x)t +u,(x)t 2 + J
+ d[vo(x) +v,(x)t + J
Comparing the constant terms in equations (A-5) and (A-6)
ub) = bvo(x)
vb)=dvo(x).
Setting x = 0 and using equation (A-4)
1
vo(O) = b
d
v,(O)=b'
Differentiating equation (A-2) with respect to x and using equations (8) and (A-2)
vx(t,x)=v~(x)+v:(x)t+ ...
[
1- ax - br(x)]
= x (vo(x)+v,(x)t+· .. )
Comparing the constant terms in equation (A-9)
'( )_[I-aX-br(x)] ()Vo x - Vo x
x
(A-I)
(A-2)
(A-3)
(A-4)
(A-5)
(A-6)
(A-7)
(A-S)
(A-9)
(A-IO)
Since the numerator in the brackets tends to zero as x tends to zero, L'Hospital's rule is applied in equation (A-IO)
v~(O) = - a - br'(O)
h
Now
r(x) = v(x, x)
= vo(x)+v,(x)x + t',(x)x' + ...
r'(x)= v~(x)+ v,(x)+ v:(x)x + ...
Setting x = 0 in equations (A-12) and (A-l3) and using equations (A-8) and (A-ll)
1
r(O) = vo(O) =b
r'(O)= v~(O) +VItO)
(A-ll)
(A-12)
(A-l3)
·(A-14)
(A-15)
